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Keywor ds: Dichotomous noise; unstable �xed point; Stokes' drift; hypersensitive re-
sponse; rocking ratchet; Brownian motor.

1. In tro duction

The responseof a Brownian particle to an external force is one of the paradigms of
statistical mechanics. Brownian motion is usually describedasa Wiener processand
a full mathematical analysis is possiblebasedon the solution of the corresponding
Fokker{Planck equation. However, a genuine Gaussianwhite noise does not exist
in real systems,and the importance of other types of noiseshas long been clear.

� Corresponding author.
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Such noiseshave beenstudied in great detail in zero-dimensionalsystems,and their
speci�c properties are known to have a profound in
uence on the behavior of these
systems [1, 2]. The e�ect of the color of the noise on noise-induced transitions
continues to be documented [3{5], and has been found to be quite dramatic since
it can alter the type of transition and lead to new re-entrance phenomena. Other
noise-inducede�ects have also been found to be sensitive to the correlation time
of the noise, e.g. stochastic resonance[6], synchronization [7], and transport in
Brownian ratchets [5].

The two most commonly discussedexamplesof colored noiseare the Ornstein{
Uhlenbeck processand the dichotomous Markov process[8]. The latter has the
great advantage that analytic results can often be derived. Neverthelessan essential
technical di�cult y restricts almost all the results obtained in the past to dynamics
with no �xed points, or exclusively with stable �xed points, seefor example [2].
We have recently made progress toward overcoming the technical di�cult y that
appearsin the presenceof unstable �xed points by identifying the sourceof spurious
divergencesthat arise in the usual analytic approaches to the problem [9,10], and
are now in the position to consider thesecasesas well.

The purpose of this paper is to apply the general analytic procedure we de-
veloped in Ref. [10] to two di�eren t stochastic phenomenadriven by dichotomous
Markov noise, namely Stokes' drift [11] and hypersensitive transport [12,13]. Sec-
tion 2 deals with Stokes' drift as a rocking ratchet problem and Sec. 3 with hy-
persensitive transport. A short summary is presented in Sec.4. All the analytical
results are supported by numerical simulations of the corresponding dynamics of an
ensemble of 20000particles, with random initial positions, sampledat 100di�eren t
times in order to build up the histogram of the stationary probabilit y density and,
from it, to compute the value of the asymptotic mean velocity. For some of the
lengthy calculations not presented in this Letter the reader may consult [14].

2. Sto chastic Stok es' Drift as a Ro cking Ratc het

A longitudinal wave traveling through a viscous 
uid imparts a net drift to the
suspendedparticles, an e�ect known asStokes' drift. The deterministic e�ect (that
does not account for the stochastic 
uctuations or perturbations in the system)
has beenextensively studied in various practical contexts ranging from the motion
of tracers in meteorology and oceanography [15] to doping impurities in crystal
growth [16]. The deterministic drift hasa simple intuitiv e explanation, namely that
the suspendedparticle spendsa longer time in the regionsof the wave-train where
the force due to the wave acts in the direction of the propagation of the wave than
the time it spends in those regions where the force acts in the opposite direction.
Therefore, the particle is driven on averagein the direction of wave propagation. As
a simple clarifying example [17], consider the dynamics of an overdamped particle
forced by a traveling squarewave with velocity v and wavelength L ,

_x = f (x � vt); (1)

wherex(t) is the position of the overdamped particle at time t, and f is the periodic
forcing due to the longitudinal wave traveling at the speedv and of wavelength L .
Supposethat the particle is entrained with a force f = bv when in a crest part of
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the wave, and f = � bv when in a trough part. The time spent in a crest part,
L=[2(1 � b)v], is larger than in the trough part, L=[2(1 + b)v], resulting in a net
deterministic drift velocity v0 = b2 v of the particle.

Recent studies [11,17,18] show the importance of stochastic e�ects on Stokes'
drift. The thermal di�usion of the dragged particles, as well as the application
of an external colored noise, can markedly modify the direction and magnitude
of Stokes' drift velocity. Furthermore, it has been shown that such a stochastic
Stokes' drift is equivalent to another paradigm of Brownian motors, the rocking
ratchet [19]. In this scenario,the systematic motion acquired under the in
uence of
an alternating zero-averagestochastic forcerevolvesessentially around the asymme-
try of the nonlinear responsein the presenceof a steady asymmetric potential [21].
This mathematical equivalencebetweenstochastic Stokes' drift and Brownian mo-
tors hints at various potential applications of Stokes' drift, for instance, transport
by capillary waves, storage of light in quantum wells, single-electrontransport in
one-dimensionalchannels, optical tweezing of colloidal particles, and di�usion of
dislocations in solids, as noted in [20] and referencestherein.

In this paper we show, with an analytically solvable model, that the character-
istics of the one-dimensionalstochastic Stokes' drift are quite complex, and that
various interesting phenomenaare induced, including enhancement of the deter-
ministic drift and current reversal, when the particles are subjected to an additiv e
colored noise,speci�cally , a dichotomous noise. The starting point is the following
stochastic equation with an additiv e symmetric dichotomous perturbation:

_x = f (x � vt) + A� (t): (2)

The dichotomousperturbation has an amplitude A and the stochastic variable � (t)
takes on the values � 1 with a transition rate k. It is appropriate to assume,on
physical grounds, that the particle cannot move faster than the wave and thus
f (y) < v for all y. The quantit y of interest is the asymptotic drift velocity, h_xi =
lim t !1 hx(t)i =t, where the brackets indicate an averageover the realizations of the
dichotomous noise. Intro ducing a new variable y(t) = x(t) � vt, one can rewrite
Eq. (2) as

_y = F (y) + A� (t); (3)

with a time-independent periodic force, F (y + L) = F (y) = f (y) � v < 0. Equa-
tion (3) is a variant of the generalstochastic di�eren tial equations solved in [9,10],
with a dichotomous force F (y) � A.

The behavior of the system, and the corresponding solution of the associated
master equation for the probabilit y density, depend on whether or not there are
unstable �xed points in the \ � " dynamics. We present below the results for the
two simplest cases,namely, one with no �xed points (in Sec.2.1), and the other
with two �xed points in the \+" dynamics and no �xed points in the \ � " dynamics
(in Sec.2.2).

2.1. Systems with no �xe d points

When A > max jF (y)j or 0 < A < min jF (y)j, there are no �xed points. Then
one obtains the following expressions(see Eqs. (7) and (8) in Ref. [10]) for the
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asymptotic probabilit y density,

P(y) =
h_yi
L

(
�
F 2(y) � A2�

"

exp

 Z L

0
dz

2kF (z)
F 2(z) � A2

!

� 1
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�
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and for the asymptotic mean velocity,

h_xi = v + h_yi
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(5)

Here F 0(y) denotes the derivative with respect to y. The detailed analysis of
theseresults, including the possibility of current reversal, wasalready carried on in
Ref. [11].

2.2. Systems with asymptotic �xe d points

If the amplitude of the noise lies in the intermediate regime min jF (y)j < A <
max jF (y)j, then the \+" dynamics has at least one pair of �xed points in [0; L ).
We consider here the simplest casein which there is only one pair of �xed points,
namely, a stable �xed point y1 with F 0(y1) < 0, and an unstable �xed point y2 > y1

with F 0(y2) > 0. However, systemswith several pairs of �xed points can be treated
in the sameway. According to the generaldiscussionin Section I I I.B of Ref. [10],
the probabilit y density in the interval [y1; y1 + L) is given by

P(y) =
h_yi
L

1
jF 2(y) � A2j

Z y

y2

dz sgn[F 2(z) � A2][F 0(z) + 2k]

� exp
�

�
Z y

z
dw

2kF (w)
F 2(w) � A2

�
:

(6)

Equation (6) is continuous at the unstable �xed point y2, with

lim
y % y2

P(y) = lim
y& y2

P(y) = �
h_yi
L

2k + F 0(y2)
2A [k + F 0(y2)]

: (7)

Noting that F 0(y2) > 0 and P(y2) � 0, h_yi is necessarilyzero or negative. This
immediately suggeststhat the direction of the net drift h_xi = h_yi + v can be reversed
by varying the amplitude A or the transition rate k of the dichotomousperturbation.
The details of this current reversalphenomenonare discussedin a later section. At
the stable �xed point y1 the probabilit y density is continuousonly for k=jF 0(y1)j > 1
and its value is

lim
y& y1

P(y) = lim
y% y1

P(y) = �
h_yi
L

2k � jF 0(y1)j
2A [k � jF 0(y1)j]

: (8)
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For k=jF 0(y1)j � 1, P(y) is divergent at y1 but integrable.
The corresponding mean velocity is given by

h_xi = v + L

( Z y1 + L

y1

dy
Z y

y2

dz
sgn

�
F 2(z) � A2

�
[F 0(z) + 2k]

jF 2(y) � A2 j

� exp
�

�
Z y

z
dw

2kF (w)
F 2(w) � A2

�� � 1

:

(9)

Note that if several wavesare present, their contributions are not additiv e due to
the highly nonlinear dependenceof h_xi on F . This seemsto be a generalfeature of
the stochastic Stokes' drift [11,17,18], contrary to the deterministic drift.

2.3. The squar e wave

The aboveresults are valid for an arbitrary form of the waveF (y), provided that the
obvious necessarydi�eren tiabilit y and integrabilit y conditions are ful�lled. How-
ever, due to the multiple integrals in Eqs. (6) and (9), further analytic investigation
without a simple form of F (y) is di�cult. Following our previous work [10,11], we
usea piecewiselinear wave

F (y) =

8
>>>>><

>>>>>:

� (1 � b)v for y 2 [0; L=2 � 2l ) ;

� (1 � b)v �
bv
l

(y � L=2 + 2l) for y 2 [L=2 � 2l ; L=2) ;

� (1 + b)v for y 2 [L=2; L � 2l ) ;

� (1 + b)v +
bv
l

(y � L + 2l) for y 2 [L � 2l ; L ) ;

(10)

with 0 < b < 1, and F (y + L) = F (y). Although the analytic treatment is possible,
the generalsolutions are still rather complicated, and the results are not presented
in this Letter. See[14] for more details. We focus here on the results in the limit
of a squarewave l ! 0, for which

F (y) =

8
<

:

� F� � � (1 � b)v for y 2 [0; L=2) ;

� F+ � � (1 + b)v for y 2 [L=2; L ) :
(11)

It should be noted that this limit is singular and must be handled with somecare.
From Eq. (4) one obtains the probabilit y density for A > F+ or 0 < A < F� ,

P(y) =

8
>>>>>><

>>>>>>:
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L

"
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�
1

F+

#

for y 2 [L=2; L ) ;

(12)

where

� 1;2 =
Lk F�

F 2
� � A2 : (13)
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Fig. 1. The asymptotic Stokes' drift velocit y (normalized by its deterministic value v0 = b2v)
as a function of normalized transition rate � = 2kvL=A 2 for three di�eren t cases. The symbols
are the results of numerical simulations. Cir cles: A = 0:4 < F � (no �xed point); squares:
F � < A = 1:0 < F+ (t wo �xed points); triangles: A = 1:6 > F+ (no �xed point). The solid lines
indicate the results of theory. The values of the other parameters are v = 1, b = 0:5, and L = 1.
The direction of the drift velocit y remains the same for A = 0:4 and A = 1:0, but is reversed for
A = 1:6.

Integrating Eq. (6), we �nd the probabilit y for F� < A < F+ ,

P(y) =

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

h_yi
L

�
(1 � e� 1 )(F� � A)

kF�
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+
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�

1
F+

�
for y 2 (L=2; L ) ;

(14)

where � � (x) are the half Dirac-� functions [22].
Correspondingly, the drift velocity for A > F+ or 0 < A < F� is given by

h_xi = v0

1 � e� 1 + � 2 �
2A2v

Lk F+ F�
(1 � e� 1 )(1 � e� 2 )

1 � e� 1 + � 2 �
2A2v0

Lk F+ F�
(1 � e� 1 )(1 � e� 2 )

; (15)
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and for F� < A < F+ by

h_xi = v �
�

1
v � v0

�
(1 � e� 1 )(F� � A)2

2kLF 2
�

+
(1 � e� � 2 )(F+ � A)2

2kLF 2
+

� � 1

; (16)

where, recall, v0 = b2v is the deterministic value of Stokes' drift velocity for the
squarewave. We mention somelimiting casesof interest:

(i) The limit A ! 0 or k ! 1 leads to the deterministic Stokes' velocity,
h_xi = v0.

(ii) The drift velocity derived in Ref. [17] is recovered in the white noise limit
A ! 1 , k ! 1 , with a �nite D = A2=2k.

(iii) The quenched-noiselimit k ! 0 describes the system in which half of the
particles, chosenat random, are subjected to a constant external forcing + A and
the other half to forcing � A. When there are no �xed points, the mean velocity in
this limit is

h_xi = v0

�
v2

v2 � A2

�
: (17)

This expressionclearly indicates the existenceof the 
ux reversal suggestedearlier,
since the drift velocity is negative for su�cien tly large amplitude A of the forcing,
and positive for small A's. When there are �xed points in the \+" dynamics,
Eq. (16) leadsto a mean velocity

h_xi =
F 2

+ + F 2
� � 2A2

4(v + A)
: (18)

In this limit, the current is reversedat A =
q

(F 2
+ + F 2

� )=2 =
p

1 + b2 v.

Figure 1 shows the drift velocity, Eqs. (15) and (16), as a function of the nor-
malized transition rate, � = 2kvL=A2. The plots of the analytic results are in good
agreement with the Monte Carlo simulation of the original stochastic di�eren tial
equation (2). When the transition rate is high (� � 1), the e�ect of the dichoto-
mousnoiseis averagedout and the drift velocity approachesthe deterministic limit
v0 regardlessof the noiseamplitude. Interesting phenomena,namely, negative drift
velocity and current reversal, take placeonly when the transition rate is su�cien tly
small, i.e., � . 1.

Figure 2 showsthe drift velocity, Eqs. (15) and (16), in the three di�eren t regimes
corresponding to low (A < F� ) and high (A > F+ ) noiseamplitudes with no �xed
points, and intermediate (F� < A < F+ ) noise amplitudes with a pair of �xed
points. The agreement betweenanalytic results and simulations is again very good.
At low noiseamplitudes the drift velocity is positive and increaseswith increasing
noiseamplitude, i.e., noiseenhancesStokes' drift. The noise-inducedenhancement
reaches its maximum at A = F� and decreasesabove this noise amplitude. In
general, noise-induced phenomena disappear when the noise becomestoo large.
However, the decreaseat the intermediate noise is not the destruction of Stokes'
drift due to large 
uctuations of the particle velocity. The sudden change with
discontinuit y in the �rst derivative of the drift velocity suggeststhe appearanceof
a bifurcation in the dynamics. When F� < A < F+ , the system has a stable �xed
point in the \+" dynamics and someparticles becomestuck at the �xed point until
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Fig. 2. Asymptotic Stokes' drift velocit y (normalized by its deterministic value v0 = b2v) as a
function of the noise amplitude A. The solid line represents theory and the cir cles show the results
of numerical simulations. The values of the parameters are v = 1, b = 0:5, k = 1, and L = 1.

the noiseswitches. The actual drift takesplace only when the system is in the \{"
dynamics, corresponding to a smaller or even negativevalue of _x. The negative drift
reachesits maximum at A = F+ where the �xed points disappear. For A > F+ , the
\ � " dynamicscorrespond to drift velocities in opposite directions, and therefore the
net drift is reduced. Finally, as expected, Stokes' drift is asymptotically destroyed
as the noiseamplitude increasesto in�nit y.

Figure 3 illustrates the probabilit y densitiesEqs. (12) and (14) for three di�eren t
amplitudes of the dichotomous noise. For comparison, the numerical solution of
the stochastic di�eren tial equation (2) is also shown. The agreement between the
present analytic theory and the computer simulation is nearly perfect. Due to
the discontinuit y of the square wave F (y), Eq. (10), the probabilit y densities are
discontinuous at y = 0 and y = L=2 for all cases.Moreover, for A = 1:0 the system
has �xed points and the probabilit y density becomes� -singular at the stable �xed
point. The probabilit y densitiesare also asymmetric in all cases.For A = 0:4, the
density is higher at y 2 (0; L=2) than at y 2 (L=2; L ). On the other hand, the
situation is the other way around for A = 1:6. This di�erence causesthe current
reversal.

3. Hyp ersensitiv e Transp ort

Generally and somewhat loosely speaking, the term \h ypersensitive transport"
refersto a highly nonlinear directed responseof a nonequilibrium, noisy systemto a
small systematicexternal forcing. This phenomenonwasdiscoveredrather recently ,
and received a great deal of theoretical [9,12] and experimental [13] attention.

One of the simplest modelsexhibiting this novel phenomenondescribesan over-
damped particle whosedynamics switchesdichotomically betweena symmetric po-
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Fig. 3. The pro�le of the probabilit y density P (y) for three values of the amplitude A of the
dichotomous noise. The �rst (A < F � ) and the last panel (A > F+ ) correspond to the regime
with no �xed points, while the second panel (F � < A < F+ ) corresponds to the presence of two
�xed points. Solid lines indicate the analytic results and shaded histograms show the results of
numerical simulation. The values of the parameters are v = 1, b = 0:5, k = 1, and L = 1. In the
simulation, the dynamics of 20000 particles is sampled at 100 di�eren t times.
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Fig. 4. The net potentials � V (x) � F x. x1 and x2 represent unstable and stable �xed points,
respectively. The substrate potential is de�ned as V (x) = �

Rx v(x0)dx0. When the switching rate
between these two potentials is su�cien tly small, particles accumulate at a stable �xed point x 2 ,
bypassing the unstable �xed point x1 . When the potential switches, the particles are repelled by
the unstable �xed point x1 toward a new stable �xed point. Even when the external force F is
very small, the particles are able to avoid backward drift.

tential and its negative. When the symmetry of the system is slightly broken by a
small directed external force, the system responds highly nonlinearly by exhibiting
a \gian t" systematic particle drift. Let us thus consider the following stochastic
dynamics with a multiplicativ e noise[9]:

_x = F + � (t)v(x): (19)

The dichotomousnoise� (t) = � 1 has,asbefore, transition rate k. F > 0 represents
a constant external force, and v(x) is a given symmetric \substrate" force pro�le
that is assumedto be periodic, v(x + L) = v(x). Somepreliminary results on this
model were reported in Ref. [9]. Here we present more (and more detailed) results
than in our earlier work.

3.1. No �xe d points

When the external force is su�cien tly large [F 2 � v2(x) 6= 0 for any x 2 [0; L )], there
is no �xed point in either dynamics, and one obtains the asymptotic probabilit y
density

P(x) =
h_xi
LF

8
>>>><

>>>>:

1 +
v(x)

Z x + L

x
dz v0(z) exp

�
�

Z x

z
dw

2kF
F 2 � v2(w)

�

[F 2 � v2(x)]

(

exp

" Z L

0
dz

2kF
F 2 � v2(z)

#

� 1

)

9
>>>>=

>>>>;

; (20)
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and, through the normalization of P(x), the mean asymptotic velocity

h_xi
F

=

8
>>>><

>>>>:

1 +

Z L

0
dx

v(x)
F 2 � v2(x)

Z x + L

x
dz v0(z) exp

�
�

Z x

z
dw

2kF
F 2 � v2(w)

�

L

(

exp

" Z L

0
dz

2kF
F 2 � v2(z)

#

� 1

)

9
>>>>=

>>>>;

� 1

:

(21)

3.2. Asymptotic dynamics with �xe d points

For simplicit y and without the loss of any relevant point of the method, we take
v(x) to be a continuously decreasingfunction in [0; L=2] and symmetric about L=2,
v(x + L=2) = � v(x). This implies that P(x + L=2) = P(x), so we can limit our
analysis to half a period. When the external force is weak, the particle moves
alternately in the two \net potentials" represented schematically in Fig. 4. In this
simple casethe equation F 2 � v2(x) = 0 has only two solutions in [0; L=2], namely:
x1, corresponding to an unstable �xed point in the \ � " dynamics [F = v(x1), with
v0(x1) < 0], and x2, a stable �xed point in the \+" dynamics [F = � v(x2), with
v0(x2) < 0], with x2 > x1. These �xed points are the local extrema of the net
potentials.

According to the discussionsin [9,10], the physically acceptablesolution in the
interval [x2 � L=2; x2] is given by

P(x) =
h_xi
LF

�
1 +

v(x)
jF 2 � v2(x)j

Z x

x 1

dz sgn
�
F 2 � v2(z)

�
v0(z)

� exp
�
�

Z x

z
dw

2kF
F 2 � v2(w)

��
;

(22)

which extends by periodicit y to the whole x-axis. At the unstable �xed point x1,
the probabilit y density is continuous and its value is given by

lim
x & x 1

P(x) = lim
x % x 1

P(x) =
h_xi

LF f 1 � 1=[2(k=jv0(x1)j + 1)]g
: (23)

Note that the stable �xed points x2� L=2 and x2 arelocatedat the endsof the chosen
interval and there is no other stable �xed point within this interval. Therefore, the
probabilit y density is continuous inside the interval. However, it can be singular at
the stable �xed points. When the transition rate is su�cien tly large [k=jv0(x2)j > 1],
there is not enoughtime for the particles to reach and to accumulate at the stable
�xed points, thus P(x) is continuous at x2 and x2 � L=2, as follows:

lim
x % x 2

P(x) = lim
x & (x 2 � L= 2)

P(x) =
h_xi

LF f 1 + 1=[2(k=jv0(x2)j � 1)]g
: (24)

For low transition rates [k=jv0(x2)j � 1], the majorit y of particles becomestuck near
the stable �xed points for a long time, thus resulting in the divergenceof P(x) at
x2 and x2 � L=2. These divergencescausea highly nonlinear conductivit y of the
system, as will be discussedlater.
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From the normalization of P(x), the averagevelocity is obtained as

h_xi
F

=

(

1 +
2
L

Z x 2

x 2 � L= 2
dx

v(x)
jF 2 � v2(x)j

�
Z x

x 1

dz sgn
�
F 2 � v2(z)

�
v0(z) exp

�
�

Z x

z
dw

2kF
F 2 � v2(w)

�� � 1

:

(25)

Although exact, the above results are still too complicated to gain a clear phys-
ical picture of the behavior of the system. We therefore turn to a particular shape
of the velocity pro�le v(x) that simpli�es the evaluation of the above functional
expressions.

3.3. Pie cewise line ar internal for ce

We considera piecewiselinear \substrate" force

v(x) =

8
>><

>>:

v0 for x 2 [0; L=2 � 2l ) ;

v0 [L=(2l ) � 1 � x=l] for x 2 [L=2 � 2l ; L=2) ;

� v(x � L=2) for x 2 [L=2; L ) ;

(26)

with l � L=4 and the periodicit y condition v(x + L) = v(x). It is convenient to
intro duce the following dimensionlessvariables:

f = F=v0; � = lk=v0; � = 4l=L (0 < � < 1); (27)

and to work with the function

T(x)

=
1
v0

Z x

0
dz sgn

�
F 2 � v2(z)

�
v0(z) exp

� Z z

0
dw

2kF
F 2 � v2(w)

�

=

8
>>>>>><

>>>>>>:

0 for x 2 [0; L=2 � 2l ) ;
�
�
�
�
f + 1
f � 1

�
�
�
�

�

exp
�
�

4�f (1 � �)
(1 � f 2)�

�

�
Z �

1
ds sgn(f 2 � s2)

�
�
�
�
f � s
f + s

�
�
�
�

�

for x 2 [L=2 � 2l ; L=2) ;

(28)

where � = L=(2l) � 1 � x=l.
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In the absenceof �xed points (f > 1), one obtains the stationary probabilit y
density

P(x) =

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

h_xi
LF

�
1 �

T (L=2)
(f 2 � 1)(� + 1)

� exp
�
�

8�f
(f 2 � 1)�

x
L

� �
for x 2 [0; L=2 � 2l ) ;

h_xi
LF

�
1 +

�
f + 1
f � 1

� �

�
� [T (x) � T (L=2)=(� + 1)]

�( f � � )1+ � (f + � )1� �

�
for x 2 [L=2 � 2l ; L=2) ;

(29)

where we have intro duced the short-hand notation

� =

�
�
�
�
f + 1
f � 1

�
�
�
�

2�

exp
�

4�f (1 � �)
(f 2 � 1)�

�
: (30)

The corresponding mean velocity is given by

h_xi
F

=

(

1 �
� T (L=2)

4�f (� + 1)

"

1 � � � 1
�

f + 1
f � 1

� 2�
#

+
�

2�

�
f + 1
f � 1

� �

�
Z 1

� 1
dt

t [T (L=2 � l (t + 1)) � T (L=2)=(� + 1)]
(f � t)1+ � (f + t)1� �

) � 1

:

(31)

When 0 < f < 1 the dynamics has two �xed points, an unstable one at x1 =
L=2 � l (1 + f ) and a stable one at x2 = L=2 � l (1 � f ). The situation is then
more complicated but still analytically tractable. The probabilit y density is written
separately for three di�eren t regions:

P(x) =

8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

h_xi
LF

(

1 �
T(x1)
1 � f 2 exp

�
8�f

(1 � f 2)�
x
L

� )

for x 2 [0; L=2 � 2l ) ;

h_xi
LF

(

1 +
�

1 + f
1 � f

� �

�
� [T (x) � T (x1)]

� jf � � j1+ � jf + � j1� �

)

for x 2 [L=2 � 2 l ; x2) ;

h_xi
LF

(

1 +
�

1 + f
1 � f

� �

�
� [T (x) + � T (x1) � T (L=2)]

� jf � � j1+ � jf + � j1� �

)

for x 2 [x2; L=2) :

(32)

This probabilit y density is continuous at the unstable �xed point x1,

lim
x & x 1

P(x) = lim
x % x 1

P(x) =
h_xi

LF f 1 � 1=[2(� + 1)]g
: (33)
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Fig. 5. The mean asymptotic velocit y as a function of the applied force f for di�eren t values of
the parameter � . The other parameters are v0 = 1, � = 0:4, and L = 1. The symbols represent
the results of numerical simulations. The solid lines are the result of theory and the dashed line
indicates the linear response.

At the stable �xed point x2, P(x) is continuous for � > 1, with

lim
x & x 2

P(x) = lim
x % x 2

P(x) =
h_xi

LF f 1 + 1=[2(� � 1)]g
; (34)

but divergent and integrable for � � 1. The averagevelocity as usual follows from
the normalization of P(x),

h_xi
F

=

(

1 �
� T (x1)

4�f

" �
1 + f
1 � f

� 2�

� � 1 � 1

#

+
�(1 + f ) �

2�(1 � f ) �

�
� Z 1

� 1
dt

t
�
T [L=2 � l (t + 1)] � T (x1)

�

jt � f j1+ � jt + f j1� � + [T(x1)(1 + �) � T (L=2)]

�
Z � f

� 1
dt

t

jt � f j1+ � jt + f j1� �

� ) � 1

:

(35)

The integrals in Eqs. (28), (31), and (35) cannot be evaluated in closed analytic
form except for a few speci�c values of � (e.g., � = 1=2; 1; 2) and will not be
presented here. See[14] for an illustration.

3.4. Response pr operties

Equations (31) and (35) areevaluated numerically and plotted in Fig. 5 asa function
of the external force f for di�eren t valuesof � . The results are in good agreement
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Fig. 6. The pro�le of the probabilit y density P (x) for two values of the applied force f . The
�rst corresponds to the regime with �xed points, and the second to the regime with no �xed
points. Solid lines indicate the analytic results and shaded histograms show the results of numerical
simulations. The values of the other parameters are v0 = 1, � = 1, � = 0:4, and L = 1. In the
simulations, the dynamics of 20000 particles is sampled at 100 di�eren t times.

with computer simulations. The drift velocity shows highly nonlinear responsesto
the external force depending on the transition rate of the dichotomous noise, as
illustrated in Fig. 5. There are four asymptotic regimesof interest:

(i) Linear Resp onse Regime I : When the deterministic external force f is
much larger than the 
uctuating force (f � 1), the e�ect of the 
uctuating force
is negligible and a linear response,h_xi =v0 = f , is expected for any transition rate.
Indeed, all curves in Fig. 5 approach the linear responsecurve as f increases.

(ii) Linear Resp onse Regime I I : When the transition rate is very high (� �
1), the 
uctuating force is averagedout and only the deterministic external force
e�ectiv ely drives the particles. Therefore, a linear response, h_xi =v0 = f , is again
expected for � � 1. Figure 5 shows that the drift velocity for � = 1 is already very
closeto this linear responselimit.

(iii) Adiabatic Regime : Since we are interested in nonlinear response, we
focuson the caseswith small � and small f . When the transition rate is su�cien tly
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small (adiabatic limit), the system remains in one of the � V (x) potentials for a
long time. The particles eventually reach a minimum of the net potential and
wait there until the potential 
ips. When the dichotomousnoiseswitchesits value,
the particles suddenly �nd themselves near the maximum of the net potential as
illustrated in Fig. 4. They move down to a new potential minimum and wait again
for the next potential 
ip. A typical time for them to escape from the region
close to the maximum is given by � = � (`=v0) ln f . Therefore, this adiabatic
regime is realized when the average time between switches, k � 1, is much longer
than � , which leads to 1 > f � exp(� 1=� ). (Note that the adiabatic regime is
not possibleunlessthere is a �xed point and thus f < 1.) Only � � 1 can satisfy
this condition. In this range of the external force, the mean velocity is simply
half the spatial period of the \substrate" potential divided by the mean switching
time, that is, h_xi = Lk =2 = 2v0�= �. The same result can be obtained directly
from Eq. (35) by taking the appropriate limit. This result is interesting in that
the mean velocity does not depend on the external force F , nor the magnitude
v0 of the 
uctuating force, and is inversely proportional to the correlation time
of the noise. A higher transition rate reducesthe waiting period at the potential
minimum and thus increasesthe mean velocity. However, increasingk reducesthe
rangeof occurrenceof this adiabatic regime. Theseresults are in perfect agreement
with the computer simulations (Fig. 5). The transport in the adiabatic regime has
beeninvestigated as hypersensitive responsein Ref. [12] but without a full analytic
solution.

(iv) Hyp er-Nonlinear Regime : For a small external force, f < exp(� 1=� ),
the particles manage to advance to the next potential minimum only when the
dichotomous noise realizesexponentially rare caseswhere it keepsthe samevalue
for times much longer than the correlation time. Therefore, the mean velocity
rapidly falls to zero as f decreases.Indeed, from Eq. (35), taking the limit f ! 0,
we �nd for the mean velocity

h_xi =v0 � [2� �(ln f )2]� 1: (36)

This result is striking in that the susceptibility (or the conductance) of the
system dh_xi =df divergesat f = 0, indicating that the mean velocity is extremely
sensitive to the external force. Another interesting feature is that the meanvelocity
is inverselyproportional to the transition rate k, in contrast to the adiabatic regime
where the velocity is directly proportional to the transition rate. Figure 5 shows
the meanvelocity asa function of the applied force f for di�eren t valuesof � . Note
the linear response regime I for all values of � ; the linear response regime I I for
� = 1 (practically for all f , except the small-f region); the adiabatic regime for
� = 0:01 and (more restricted) for � = 0:1; and the hyper-nonlinear regime for
all � . The nonmonotonic dependenceof the mean velocity on � (e.g., � � in the
adiabatic regime, � � � 1 in the hyper-nonlinear regime, and � -independent in the
linear responseregime) leads to the fact that the curves in Fig. 5 crosseach other
in the f -regionswhere there is a switch betweenthesevarious regimes.

In Fig. 6 we present two typical pro�les of the probabilit y density P(x) for the
two regimeswith and without �xed points, with an abrupt changein shape between
theseregimes.
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4. Conclusions

We have derived explicit results for the probabilit y density and drift velocity in sys-
tems that model Stokes' drift and hypersensitive responsedriven by dichotomous
noise. We include the situation in which the asymptotic dynamics crossesunstable
�xed points, a casewhere the standard approachesare not applicable in a straight-
forward way [9,10]. We have presented analytic results for particular choices of
potentials and parametersthat elucidate the behavior in a way not entirely possible
when only numerical results are available. These results reinforce our impression
that dichotomousMarkov noisecan be put on par with Gaussianwhite noiseas far
as obtaining analytical results is concerned.
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